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Brazier Effect in Multibay Airfoil Sections

Luca S. Cecchini* and Paul M. Weaver®
University of Bristol, Bristol, England BS8 ITR, United Kingdom

Although it has long been recognized that all long thin-walled hollow structures exhibit a nonlinear response to
bending moments, the majority of analytical research has focused on circular cross sections. A method of predicting
the nonlinear behavior of multibay airfoil sections is presented. Although the approach is simple, the algebraic
complexity lends itself toward a solution using algebraic manipulation software. Comparison of the analytical
models with finite element analysis shows good correlation and demonstrates the ability of the model in predicting
the nonlinear bending response of smooth orthotropic two-bay airfoils.
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I. Introduction

T is well established that long, thin-walled, prismatic sections

subject to bending moments suffer a nonlinearity in their bending
response. Brazier' noted that such structures suffer crushing forces
from the rotated (caused by curvature) compressive/tensile forces
that arise as a result of bending. These forces reduce the second
moment of area of the section and thus its ability to resist bending
loads, leading to a nonlinear bending response. In the classic ex-
ample of a circular, cylindrical tube the structure will ovalize and
might eventually crush so much that it is no longer able to sustain
the applied bending moment.

The importance of the Brazier effect is not simply its existence
as a failure mode, which is generally acknowledged as unlikely
to occur (e.g., Corona and Rodrigues?). Its significance lies in its
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contribution to other potential failure modes, namely, local buckling
and material failure (through its effect on cross-sectional geometry)
as well as its effect on static and dynamic behavior caused by the
nonlinearity of the bending response.

Although much work has been carried out on the analysis of cir-
cular sections, little has been done on other shapes. The bending
of elliptical cross sections, box sections, one- and two-bayed rect-
angular sections, and initially curved “Fairbairne Crane” type sec-
tions have been analytically studied by Huber,? Rand,* Paulsen and
Welo,®> and Timoshenko,® respectively, whereas Mazor and Rand’
have also developed a numerical method to investigate the behavior
of generic hollow cross sections.

It is the aim of this paper to introduce a methodology to pro-
vide analytical solutions to predict the nonlinear bending behavior
of flapwise symmetric, thin (h <), airfoil sections. Because of
the lightweight requirements of aircraft design, airfoil sections are
typically thin walled and thus highly susceptible to cross-sectional
deformations. As such, the calculation of the Brazier deformations is
essential in order to provide accurate bending response and accurate
local buckling predictions.

The methodology that follows is based on the separation of longi-
tudinal and circumferential effects and the application of distributed
loads to the cross section in order to recreate the Brazier crushing
forces. The Brazier effect can, of course, be modeled via finite ele-
ment analysis (FEA); however, the subsequent analytical technique
will provide faster solutions and is thus useful in parametric de-
sign studies. Furthermore, it can provide a useful insight into the
mechanisms involved in the Brazier deformations.

In this paper, subscripts are used to denote sections (letters) and
locations (numbers for section intersections, or y); for example, M,
is the local shell bending moment on element b at point 1; 11 and
22 material orientations are longitudinal (spanwise) and circumfer-
ential, respectively.

The coordinate system of the cross section (Fig. 1) includes global
(Y, Z) and local (y, z) systems. The global coordinate system has
its origin at the neutral axis, whereas local systems originate at the
left-most corner for horizontal elements and at the neutral axis for
vertical elements. The X axis points spanwise along the blade.

To simplify the subsequent expressions, « is introduced such that

o, = COS ﬂn
giving, for example,
Sa =14 / U
II. Analysis

Airfoil sections are complex structures: curved, multibayed, and
potentially of variable composite material construction, with a typ-
ical profile shown in Fig. 2. To simplify the analysis, each bay’s
cross section is initially modeled as a series of straight elements of
orthotropic material. A method to account for smooth surfaces will
be demonstrated later. Only two bayed structures are examined in
this paper, but the method is applicable to any number of bays.
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Fig. 1 Cross-section nomenclature and coordinate system.
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Fig. 2 Typical rotor cross section and simplified “box” idealization.

In a similar manner to Brazier’s analysis, the approach is energy
based and separates longitudinal and cross-sectional effects; how-
ever, rather than finding the cross-sectional deformation mode by
the calculus of variations, a distributed crushing force is applied to
the cross-section. The cross section is decomposed into two types
of straight element, “vertical” and “horizontal” (Fig. 2), and these
are discussed individually. The analysis is dependent on symmetry
around the flapwise axis, and therefore only one half of the structure
is modeled.

A. Horizontal Elements

Brazier crushing forces arise from rotated (through bending cur-
vature) longitudinal stresses, generating a component through the
cross section. These longitudinal X stresses are directly propor-
tional to local in-plane stiffness 1/a;; and the local strain, which
is proportional to the distance from the neutral axis and the section
curvature caused by deflection. Because the undeformed distance to
the neutral axis of any point y along element b or d is given by

Zy = (ha/2)[h1/ha + (y/Sp) (1 — h1/h2)] (1a)

Zy = (h2/D[1 — y/Sal (1b)

the initial, local crushing force (,),) along elements b and d, per
unit length dy, is given by

Yyp = Ymaxy[h1/h2 + (y/Sp)(1 — hy/hy)] dy (2a)

'ﬁyd = 1ﬂmax(d)[1 - y/Sd] dy (2b)

where Ymax () 1S the instantaneous maximum crushing force per unit
length of the element. Equations (2a) and (2b) distribute the Brazier
load based upon the undeformed geometry of the cross section; how-
ever, as the section deforms the actual local proximity to the neutral
axis will vary from Egs. (1a) and (1b). To compensate for this, al-
though the crushing force distribution is based upon the undeformed
geometry, the maximum crushing force ¥maxm) remains unknown

and is calculated by minimization of the energy of the system (see
Sec. I1.C).

Itis assumed that the crushing force is generated solely by the hor-
izontal elements, whereas the vertical elements only resist this force
and its associated bending moments. This assumption is reasonable
for slender rotor sections, where the crushing moment contribution
of the vertical elements will be relatively small. Furthermore, any
such crushing force will principally be resisted by direct strains in
the vertical element (discussed later) and will not affect the hori-
zontal elements.

The loads in Egs. (2a) and (2b) are therefore applied to the hor-
izontal elements as distributed loads on two-dimensional beams
(Fig. 3a). All internal forces on the elements are maintained as posi-
tive in the y direction and clockwise for simple interfacing with other
elements. This might, however, result in negative reaction forces in-
dicating reactions in the opposite direction to the arrows. Force p,,;,
represents the shear force acting on the face of an elemental segment
dy along section b.

In Fig. 3, ¥’ is the distance of an elemental piece of section b, of
length dy’, between 1 and y. Assuming that the shells are circum-
ferentially incompressible, and only react loads by bending (a valid
assumption for thin-walled airfoils, where shear deformation will be
relatively small), the forces acting around a point y along an element
can be found (Fig. 3b) and resolved perpendicular to the shell walls
(Fig. 3c). From static equilibrium considerations, resolving section
b’s forces gives

Sp
P10y = — Pl +0!b/ Yy dy
0

1 h
= —puw®p + = Vmax)Sp | 1 + L (3a)
2 hy

Sp
my, = —nmyp — pzbSbab + ab/ 1>Z,,\"by dy
0

1 h
= —my, — papSpat, + glﬂmax(b)abs;% [2 + h—l:| (3b)
2
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b = —Mip + Prpyody — Olb/ Yyply — y'1dy
0

= —mp + Py

—11// ay? 3ﬁ+1 1—E (3c)
6 ‘max(b)¥p Y ]’lz Sb hz

and section d’s as
Sa
P2d0d = —P3d% +Old/ Yya dy
0
1
= —Pp2utq + Ewmax(d)sdad (4a)
Sa
Myg = —M3q — P3aSaty + Old/ Yyay dy
0
1 2
= —m3q — P3aSatq + glﬁmaxu)ﬂldsd (4b)
y
Myy = —Maq + Prayoly — Old/ Yyaly — y'1dy’
0

1 y
= —Mayq + P YOy — gl/fmax(d)()tdy2 |:3 - S—i| (4¢)
d

Thus the local curvature of the b element is given by

d>w
dy?

myp

&)

Kyb =

» Do

where w is the displacement perpendicular to b. The change in local
gradient is the integral of the curvature

d . d
w _ / nyp dy + _w
v Do) dy

dy

©)

1b

where dw/dy|y, is the change in gradient of the horizontal element
at point 1 (y =0). Therefore at 2 (y = S},),

1 2
—mp Sy + = P1uos S,

1 2 dw

=— + =
D22(b) 1 3 ]’l[ dy
2 —— S V[ 1+ 3—
2% b Umaxy | 1+ I

dw
dy

Integration gives the displacement of the horizontal element as

/ / UL N dw
Wy = : —
v Doy ye dy

and therefore the displacement at 2 is given by

y+wp 3)
1b

1 2 1 3
| _Emthb + gPlbOthb

w

_ + _

D22(b) 1 hl dy
—ml//maxw)absg 1+ 4/1_2

Sb—l—wlb
15

Wap =

&)
The energy of cross-sectional deformation of two elements (one
above, one below the neutral axis) is given by
Sp
/ m3,dy  (10)
0

where m,,;, is found from Eq. (3c). If Dy, contribution to longi-
tudinal stiffness is considered negligible, in accordance with thin-
walled, semimembrane, assumptions, the contribution of an ele-
ment dy to the longitudinal bending stiffness is given by the square
of its deformed distance to the neutral axis [Eq. (1a) plus Z dis-
placement], multiplied by the longitudinal in-plane stiftness 1/a,;.
Thus the longitudinal bending stiffness from the b section is given
by

R
Ucirca) = 2= / K% Doy dy =
2 ), Doy

Sh
El, =2 / [Z), + wypa]* dy
anw Jo
—o ! Sbh‘+y(h ) + 2d an
= ano s 2 s, 2 1 Wyptp [ Ay

The EI term is also doubled to take into account the correspond-
ing, identical, element beneath the neutral axis. Thus the energy of
longitudinal bending is given by

1 2
Up(iong) = EEII’C

Sp 2
! / My =)+ wga | dy (12)
aip) 0 2 ZS[, :

The equivalent analyses must be repeated for section d.

B. Vertical Elements

As already stated, it is assumed, in this analysis, that the vertical
sections are not themselves subjected to any Brazier loading, but
only react to the forces from the horizontal sections (Fig. 4).

As drawn in Fig. 4, forces p,, and p;, will be equal, but with
opposite signs, as will moments m,, and m,,. In the original, un-
deformed, configuration, the force p;, will not produce a bending
moment on the vertical element as it acts along the same vector
as py,. As the vertical elements deform, however, a bending mo-
ment caused by pi, around y will be generated, as a relative z dis-
placement manifests itself between 1 and y. Because the analysis is
restricted to slender structures (/! < 1) and small displacements,
lateral deflection can be assumed to be small, removing this effect
and greatly simplifying the analysis. Thus if the deflection of the
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vertical wall is entirely caused by the end moments,

d*w
dy?

_ Miq
o Dxa

13)

K, =

producing a single, constant, radius of curvature. Because of sym-
metry around the neutral axis, rotation at y =0 is zero, and the
rotation of element a at 1 (y = h,/2) is given by

hy/2
K,lhl
:/ kgdy = T
la 0

2 dw
Ky =

~hidy

dw
dy

which rearranges to

14)

la

The shortening of the vertical wall is often overlooked in analyses
of this type.>® This can be a shortcoming because it is critical to
the onset of limit moments in structures with large i/l or where
the vertical walls have a significantly lower D,, than the horizon-
tal sections, but in thin airfoil sections these effects can safely be
ignored. The inclusion of vertical shortening and the offset vertical
loads would lead to a prediction of the buckling behavior of the
vertical element (because of the negative p;,), a phenomenon that
is not considered here for the aforementioned reasons. The energy
of deforming each vertical section is given by

/2
1 2 (dw
Ucirc(a) = 2/ _KjDZZ(a) dy = _<
0

2
Dy, 15
3 m\ dy ]a> n@  (15)

With vertical element shortening assumed to be small, the longitu-
dinal bending stiffness is constant

El, = hj /1241 (16)
and the energy of longitudinal deformation is given by
Utonga) = (1/24)C* (h} [a110)) (17)
All of these equations must be reproduced for section c.

C. Overall Behavior
By assuming no shortening of the vertical walls

WipQp = Wop®p = Wty = W3q0g =0
and by linking rotations

dw
dy

_dw
=5

dw
dy

_ dw
» D

_dw
2¢ dy

dw
dy

b ’ -
la 1b 2d 3d

and moments
mi, +my, =0, Mo + Maq + Moy =0

at the interfaces and substitution into the energy terms [Eqgs. (10),
(12), (15), and (17)], all except two unknowns can be eliminated.

The actual identity of the unknown parameters is not important for
these sections, but for the purpose of this analysis it was left as the
two distributed Brazier crushing forces (¥maxp) and Ymaxw)). The
total energy of the system can then be expressed as

tot = ir ng(n
Uol - Z (Uc c(n) + Ulo g( )) (18)

n=a—d

which can be differentiated with respect to both Yiax) and Ymaxa)
(which are independent of each other) and equated to zero, leading
to the minimum-energy solution for both parameters:

3 Ul()l a UIO!

awmax(d) awmax(d)

These expressions can then be substituted back into the longitudinal
stiffness equations, and the longitudinal bending moment/curvature
response can be found from Eqgs. (11) and (16) as

Mo= Y (M)

n=a—d

2
*( y
-+ E[hz —hl] +abwyb dy

h3 I
P /
c 12ay1(4) aiw o 2
; 2
h3 1 /5" hy y

+ +2 — 1= [+aqwy) dy

126111(c) aiid) Jo 2 Sa 4

(19)

Because of the complexity of the equations, principally as a result
of the squaring of the terms inside the integral in Eq. (12) (and its
equivalent for the trailing edge), the analysis is best carried out using
algebraic manipulation software (e.g., MAPLE?®). Figures 5a and 5b
compare finite element analysis (FEA; see Appendix) with analyti-
cal solutions for two sections of homogeneous aluminum (Table 1)
plate construction (1 mm thick on all sides), with principal dimen-
sions as given. The material is assumed to remain elastic through
the entire response in both FEA and analytical modeling, and thus
the finite element analysis is used to verify the analytical techniques
and provide confidence in the analytical methods.

The more slender section’s analytical solution follows the FEA
solution very well (Fig. 5b), whereas that of the deeper section shows
errors at higher deformations not capturing the collapse moment.
These inaccuracies principally arise as a result of the approximate
modeling of the vertical sections and in particular the assumption
that they do not shorten as a result of curvature (which assumes
h/1 < 1, not the case for the deep section). A further, albeit smaller,
source of error at large deformations is the assumption that the
Brazier crushing force remains linearly distributed, as per Eq. (2).
As the section crushes, the walls no longer remain straight, chang-
ing the crushing force distribution and resulting in an inaccurate
representation of the deformation of the element.

The dashed line in Fig. 5 represents the approximate longitudi-
nal material failure point (0.6% strain). The estimate is somewhat
conservative, as it assumes that the maximum height of the sec-
tion remains the same, whereas in reality Brazier-induced flattening
will reduce the maximum distance to the neutral axis, thus reducing
maximum longitudinal strains. Neither local buckling nor circum-
ferential material failure modes are considered here.

Table 1 Aluminum material properties

Property Value
Young’s modulus E, GPa 70
Poisson’s ratio v 0.3
Shear modulus G, GPa 27
Failure strain &p,x, % 0.6
Wall thickness, mm 1
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D. Curved Sections

Modeling has so far been limited to straight box-type sections;
however, real airfoil sections have rounded shapes for smooth air-
flow (with the rather limited exception of early stealth aircraft).
Thus a method of analyzing such structures would be useful, but a
full solution of the preceding equations including curvature terms is
complicated. Two separate methods are used here to deal with such
sections, and they can be applied individually or simultaneously to
the analysis of structures.

1. Correction Factors

The simplest method of accounting for curvature is simply to add
geometric correction factors to the section. This approach assumes
that for small initial surface curvatures the deformation mechanism
remains the same as if it were straight. The circumferential energy
equations are multiplied by the ratio of perimeter lengths of the real
section relative to the box model, to compensate for the increased
amount of material undergoing deformation. The longitudinal stiff-
nesses are multiplied by the ratio of initial second moment of area
between the box and the real section. Thus Eq. (18) becomes

Ulm = Z ()\n Ucirc(n) + Mn Ulong(n)) (20)
n=a—d
while Eq. (19) becomes
Ma= Y (uM,) @D

n=a—d

where

A= Sactual/Sﬂat’ n = actua]/lﬂat

In these equations S,ca and e are the real initial element
lengths and second moments of area (extracted from geometrical
data), and Sy, and Iy, are their equivalents in the box representa-
tion. However, depending on how the blade section is represented
using the elements, it might not be obvious exactly where to apply
individual correction factors (particularly with the use of multiple
elements, as stated next), and hence global factors might be more ap-
propriate (for example a single A and p for the whole cross section,
or for each bay).

2. Multielement Construction

A further method of dealing with curved surfaces is to construct
them out of a series of interconnected horizontal elements (Fig. 6).

By attaching a series of horizontal sections together, a better rep-
resentation of the undeformed geometry can be obtained. Each ad-
ditional section, however, introduces a new series of unknowns and
boundary conditions. Using the nomenclature in Fig. 7, for the nose
bay (noting that it has changed from Fig. 1 to accommodate the
extra elements) the displacement boundary conditions at the joined
horizontal elements (station 2) can be found.

To ensure compatibility, rotations are matched with neighboring
elements to give

dw
dy

_ dw
» @y

2d

matching translations, but recalling they are not necessarily zero
gives

Wopllp = Wrqlyg
and because at element interfaces forces must sum to zero,

mayp + myy =0, P+ pu=0

These can once again be substituted into the energy terms [Eqs. (10),
(12), (15), and (17)] and used to eliminate all except two unknowns
(one per horizontal element). The rest of the calculation remains
identical to that for sections with only a single element per bay, with
the minimization of energy with respect to these new unknowns and
calculation of overall bending moment. The introduction of these
extra elements does add to the complexity of the solution, and,
although in principle any number of elements can be strung together
to improve the solution accuracy, excess elements can cause solution
problems for algebraic manipulation software.

a) One section b) Two sections ¢) Three sections

Fig. 6 Curved section representations with interconnected horizontal
elements.

(© Station labels
@ Element labels

Fig. 7 Multielement section labeling.
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3. Example

A NACAO012 profile, divided into two bays through the mid-
chord, was used as an example to demonstrate the efficacy of
the methods to represent curved structures. Figure 8 shows the
NACAO0012 profile with a vertical spar at half-chord and the ap-
proximate box models used to represent it. The multielement model
has two horizontal elements in the leading edge, but because of the
low trailing-edge curvature only one element in the tail. The total
length of the single nose-element model is slightly shorter than the
full length of the blade, because the construction of the blade with
elements is an approximate process.

For this test a very thin-walled (1 mm thick, all-round, for a
500-mm chord length), aluminum wing was analyzed using FEA
and the aforementioned analysis technique. The results are shown
in Fig. 9 (material and blade data shown in Tables 1-5). It is appar-
ent from Fig. 9a that the response of the uncorrected single element
analytical model does not follow that of the FEA. This is, in large
part, caused by the straight nose element being, on average, much
closer to the neutral axis than in the real section, significantly reduc-
ing the initial second moment of area. With the application of the
geometrical correction factors [Egs. (20) and (21)], this response
is much improved, despite solution errors at large deformations,
with the plateau load accurately predicted. The introduction of an
extra nose element (Fig. 8c) brings further improvement, minimiz-
ing the need for correction factors, by accurately predicting initial
stiffness. Furthermore, the extra element significantly improves

Table 2 CFRP material properties

Property Value
Eq1, GPa 140
E2, GPa 10
Vi 0.3
G2, GPa 5
Failure strain €11 max, % 0.9%
Failure strain €75 max, % 0.5%
Lamina thickness, mm 0.25

Table 3 Blade cross section

Property Value
Blade profile NACA0012
Chord length, mm 500
Max height, mm 60
Midwall to nose, mm 250
Midwall height, mm 49.1

Table 4 Single-element blade model properties

Property Value
I, mm 237.8
lg, mm 250

hi, mm 25.9
hy, mm 49.1
Aa 1.438
Ab 1.001
Ad 1

a 1.747
s 1.917
a 1.027

— [ ———
" ®)

< ———

(@) \ (©)
< —

Fig. 8 NACAO0012 a) wing, b) normal approximation, and c¢) multiele-
ment approximation.

large curvature response prediction (beyond the plateau load;
Fig. 9b).

A composite blade (of the same cross-sectional geometry) was
also tested to demonstrate the validity of the method with orthotropic
shells. Three different carbon-fiber-reinforced plastic (CFRP) lay
ups were used around the section, as noted in the Table 6, and
this analysis was only carried out using the multielement model
with correction factors. Once again good correlation was found be-
tween FEA and analytical results (Fig. 10), solution divergence
occurring only once the tail element has crushed such that the
trailing-edge elements come into contact (dotted line in Fig. 10).
At this load neither FEA nor analytical accurately predict behav-
ior caused by the lack of contact elements in the FEA model
(Appendix).

In these examples material failure from longitudinal strains (ma-
trix failure at C ~1.7 x 107® mm~') does not preempt the occur-
rence of large deformation effects. Local buckling and circumfer-
ential material failure are not examined here, but considering the

Table 5 Multielement blade model properties

Property Value
lp, mm 82.7
lg, mm 167.3
/% mm 250

hi, mm 334
hy, mm 54.7
h3, mm 49.1
Aa,b,da mm 1.030
At 1.028
Ha,b.d 1.081
/‘Lfa 1

2 f is the trailing-edge horizontal element.

2-
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Z 1.5 et ®
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£ 151 5o
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=
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c
@
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R AT MRS B -

Curvature (x10° mm")

b) Double-element nose

Fig. 9 Aluminum NACA0012 bending response: - - - -, FEA; ——, cor-
rected analytical; and gray line, uncorrected analytical.
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Table 6 Composite blade lay up

Element Lay up
Nose skin [0,90,0,0]5
Midwall [90,90,0,015
Tail skin [0,90,0]
4 4

Feooo s o

E
E
E 34 1
o 1
g 1
— 1 HA
= , Trailing edge
D 24 1 contact
E 1
= ]
= 1
= 1
= !
c 1
@
M 1
I
1
0 i 8 12 16
Curvature (x10° mrri™)
1
T
1
-
Fig. 10 CFRP NACAO0012 bending response: - - - -, FEA and —, cor-

rected analytical.

thin nature of the shell the former is likely to be worthy of par-
ticular consideration, almost certainly occurring before the plateau
load, and must be analyzed with Brazier deformations taken into
consideration.

III. Conclusions

A method for the analysis of the Brazier response of two-bay
airfoil sections is presented. The accuracy of the model is sufficient
to give a good first indication of initial nonlinear response of an
airfoil, for significantly less computational time than finite element
analysis. Although the solution is closed form, the complexity of
the equations requires their solution using algebraic manipulation
software.

Appendix: Finite Element Modeling

To test the validity of the analytical models, bending moment/
deflection comparisons were carried out for the various sections with
finite element (FE) models. The FE analysis was carried out using
the HKS Abaqus/Standard® package using the technique specified in
the Abaqus Benchmarks Manual.'” The FE models were constructed
of S8R, eight-noded, reduced integration, quadratic shell elements,
in order to allow accurate curvature description. The models were of
single-element extruded depth (in the X direction), with symmetry
boundary conditions on one face and a planar rotation (with in-
plane freedom of displacement) imposed on the other face via the
Abaqus *SURFACE command. As such, all nodes on the face were
constrained to remain attached and perpendicular to a plane that
was subsequently rotated to generate the longitudinal curvature.
The solution, through necessity, was carried out using geometrically

Fig. A1 Box and NACA0012 airfoil FE models.

nonlinear static analysis, the Brazier crushing force arising from the
rotated reaction forces on the symmetry and the rotated planes.

The FE meshes are shown in Fig. A1, where the dots, attached
to one face of each structure, represent the nodes on the rotated
surface. In the NACA0012 model, the trailing edge is closed at the
tip via a single vertical element.

The extrusion of the section is kept small in order to prevent
the occurrence of local buckling, as it was desired to observe the
entire nonlinear response curve caused solely by Brazier effects. In
keeping with this, material was assumed to be entirely elastic, and
thus material plasticity nonlinearities were avoided.

Contact surfaces, to prevent elements passing through each other,
were not specified in the FE models. Thus for large cross-sectional
deformations (Fig. 10), behavior is not accurately predicted.
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